Abstract| We examine the design of a communication link involving the data transfer from a small, low-orbit satellite to a ground station, but through a geostationary satellite. The advantage of this approach is that a single ground station, which tracks only the geostationary satellite, may be shared by a multiplicity of small satellites. Our goal is to select certain small satellite parameters { signaling rate, small satellite antenna beamwidth, modulation scheme, and coding scheme { which maximize the data throughput in bits per day. Our approach uses orbital simulations of this scenario together with theoretical analysis based on the channel capacity C and cuto rate R 0 . The throughput achievable by several practical coding schemes is also examined.
I. Introduction
The introduction of small low-earth-orbit (LEO) satellites for the investigation of near-earth phenomena and other applications has prompted the study of data transfer methods from the satellite to its users on the ground. The most natural method of data transfer is to assign to each small satellite a ground terminal which tracks it as it passes overhead. An alternative has been proposed 1] whereby a communication relay through a geostationary (GEO) satellite to a designated ground terminal is established. This approach has the advantage that a number of small satellites may now share a single (expensive) ground station facility. The disadvantage is that there is a link penalty on the order of 26 dB by going through the GEO satellite as opposed to directly to the ground. On the other hand, in many of these applications, the requirement on the throughput rate (in bits/sec) and the daily throughput (in bits/day) do not necessitate the extra 26 dB of C=N 0 .
We consider here only LEO satellites with non-gimbaled antennas 2] for the following two reasons. First, it represents a worst-case situation and, second, the throughput possible when such inexpensive satellites are employed is of interest to NASA and others. Observe that, with nongimbaled antennas, the small satellite must be stabilized (e.g., spin stabilized) and a communication contact will be made only in the event that its antenna pattern sweeps past the GEO satellite, which we shall assume is tracking the LEO satellite. Observe also that the link between the two satellites will vary as the LEO satellite comes into view of the GEO satellite and then departs to orbit the earth again. Such a time-varying link gives rise to carrier power to noise density ratio \pro les," C(t)=N 0 , by which we mean carrier power to noise density ratios which vary This work was supported by NASA Grant NAG 5-1491. This paper was presented in part at ICC 1995, Seattle, WA.
as a function of time.
It is our goal in this work to design a small satellite communication system which maximizes the throughput to the ground in bits per day. This performance criterion results from the need to protect against over ow of the LEO satellite's on-board recorder | the recorder will over ow if the incoming data rate exceeds the outgoing rate (throughput to the ground). Moreover, we are interested in the throughput per day as opposed to, say, per contact since generally the C=N 0 pro le is roughly periodic with a period of one day. The connection between the per-day and the percontact throughputs are elaborated upon below.
Toward the goal of throughput maximization, we simulate the LEO-to-GEO communication link to arrive at C=N 0 pro les on which we base our small satellite system design. We note that the throughput T (bits/day) is dependent on the small satellite's antenna beamwidth B, modulation scheme, signaling rate R s (which we assume to be constant), and error control coding scheme C (which might have a time-varying code rate). The problem then is to choose these parameters such that T is maximized. We shall focus on M-ary PSK modulation so we need only determine the optimal M.
To nd the optimal B, R s , and M, we involve the use of the channel capacity C and cuto rate R 0 from information theory 3] as discussed in Section II. The informationtheoretic approach described in that section is to be applied to speci c C=N 0 pro les which are derived using the orbital simulation program described in Section III. In Section IV we nd the optimal B, R s , and M corresponding to a speci c LEO-to-GEO con guration of interest to NASA. As for the optimal code scheme, we can expect that any code scheme C that might be considered to be optimal will have unmanageable complexity. Thus, in Section V we examine the throughput of selected coding schemes, where the throughput increases with increasing code complexity.
II. Parameter Optimization
That there exist optimal B, R s , and M which maximize the daily throughput T can be heuristically argued as follows. First, the 3 dB beamwidth B a ects the number of contacts made per day as well as the duration and strength of the contacts. If the beamwidth is too narrow, only a single, very short contact might be achieved, albeit with a relatively strong signal during the contact. On the other hand, a very broad beamwidth might achieve a contact on almost every orbit, but with a very weak signal in each case. Thus, we would expect that there is some optimal B that is a compromise between these two extremes.
We argue that there exists an optimal channel symbol rate R s (equivalently, code bit rate R c = R s log 2 M) as follows. In practice, carrier recovery for an MPSK signal is di cult for values of E c (t)=N 0 = (1=R c )(C(t)=N 0 ) below about 0 dB 4], so we restrict communication to the region E c (t)=N 0 0 dB. Now note that, as R c is increased from some small value, we can expect T to initially increase, but eventually the duration of time that E c (t)=N 0 exceeds 0 dB will approach zero, so that T will tend to zero as well. Hence, there is an optimum value for R c .
Because we assume no bandwidth limitation in our communication system, the channel in e ect becomes a powerlimited one. Given this, we can anticipate that the optimal values of M are 2 and 4 since BPSK and QPSK are more energy e cient than 8-ary PSK, etc. Nevertheless, we shall consider 8-ary PSK in our analysis below and see how the optimality of BPSK and QPSK surfaces in the analysis.
We have now established that T = T (M; R c ; B) and we propose to nd the parameters M , R c , and B which maximize T in the following manner. A given C=N 0 pro le (which is a function of B) gives rise to an E c =N 0 pro le through the chosen code bit rate R c : E c (t)=N 0 = (1=R c )(C(t)=N 0 ). In turn, an E c =N 0 pro le together with the signal set size M gives rise to capacity and cuto rate pro les, C(t) = C(M; E c (t)=N 0 ) and R 0 (t) = R 0 (M; E c (t)=N 0 ), respectively. (2) and observe that both are functions of M; R c ; and B through C(t) and R 0 (t): The integrations in (1) and (2) are only over the time in one day for which E c (t)=N 0 0 dB. Thus, since E c (t)=N 0 is a function of R c , the theoretical throughputs are functions of R c also through the integration time intervals.
For completeness, we give soft-decision expressions for C(t) and R 0 (t) assuming MPSK signaling on an additive white Gaussian noise (AWGN) channel with two-sided power density N 0 =2. Let fa i (t)g M?1 i=0 be M complex functions of time which represent the set of M-ary PSK signals each of which have energy E s (t) = E c (t) log 2 M at time t. 
1 Note, implicit in the time-varying capacity or cuto rate are the existence of codes whose rates are time-varying and just less than C(t)=Rc or R 0 (t)=Rc (information bits/code bit We remark that C and R 0 for BPSK and QPSK are equal.
If one wishes to remove the constraint on the modulation type, but maintain only an energy constraint on the signaling scheme, then the appropriate capacity for any two-dimensional signal set is given 5] by C(t) = R s log 2 
While our emphasis will be on the M-ary PSK signal set as mentioned above, we shall present some results based on the capacity measure given in (5) . In the sequel, we shall write C EC (EC for energy constraint) for this latter capacity measure and C PSK for the capacity of a PSK signal set. We may now de ne (M ; R c ; B ) = arg max fT X (M; R c ; B)g (6) where the maximization is over all candidate M, R c , and B; and where X is C PSK , C CE , or R 0 ; depending on the capacity measure adopted. Finding general expressions for the critical points M ; R c ;and B in (6) is a rather intractable problem. Instead, we have resorted to numeric computation, the results of which are presented below.
III. Orbital Simulation Model
We now describe assumptions made in calculating C=N 0 pro les in the LEO to GEO satellite system. The LEO satellite's orbital period and inclination angle greatly inuence the number and duration of contacts to the GEO satellite. Using Kepler's equations of motion 6], the orbital position vector of the LEO satellite is calculated for 200 points per orbit. 2 The GEO relay satellite's position vector is stationary so it need only be derived once. Using these two vectors, the pointing vector from the LEO satellite to GEO satellite is calculated for every LEO position.
The angle of the pointing vector is used to determine if the LEO satellite is within view of the GEO satellite. If so, the C=N 0 for the current LEO satellite position is computed.
The calculation of the antenna gains can be modeled in two-dimensional space due to the assumed circular polarization of the antennas involved. The use of circular polarization also increases the power available since polarization losses will be avoided.
The algorithm used is summarized as below. Note that orbital perturbations are not included in the calculations. 
IV. Application
We assume a LEO satellite with an orbital period of 102.86 minutes (14 orbits/day) and an inclination angle of 100 degrees. Further, the LEO satellite is assumed to have the following parameters.
Spin stabilization in a nadir orientation, i.e., the long axis of the satellite intersects the center of the earth.
Transmitter power The 24 hour C=N 0 pro le for the 70 degree LEO satellite antenna case appears in Fig. 1 , where it is seen that six contacts are made. Space limitations do not permit us to include the C=N 0 pro les for the other beamwidths, so we summarize in Table I the results for these cases. We observe that while the narrower beamwidths will typically produce fewer contacts with shorter durations on average, greater power per contact is obtained. Thus, it is not clear at this point which is the optimal beamwidth. Hence, the utility of equations (1) and (2) as we now show. The \dips" in the curves correspond to 3 We remark that T X scales with transmitter power if the signaling rate is scaled by the same factor. For example, T X (3 W) = 3T X (1 W): This is shown in the Appendix.
individual E c =N 0 pro les dropping below the 0 dB threshold as R c is increased, and therefore no longer contributing to the total throughput. We observe that T CPSK is maximized at about 1.8 Gbits/day for B = 20 degrees and R c = 5:2 Mcbps. We remark that the throughput curves for QPSK are identical as should be expected. As for 8-PSK, T CPSK is maximized at 1.5 Gbits/day for B = 20 degrees and R c = 5:2 Mcbps, although we do not present the throughput curves in this case (they are very similar). The E c =N 0 pro les corresponding to the optimal R c and B are plotted in Fig. 3 together with their corresponding C PSK and C=N 0 pro les. In this gure and in the computation of C PSK and T R0 , 3 dB was subtracted from the E c =N 0 pro les to simulate implementation loss (e.g., timing jitter, pointing errors, orbital perturbations). The achievable throughput is the area under the C PSK (t) curves for the time corresponding to E c (t)=N 0 0 dB. Observe that the optimal R c corresponds to the low SNR region of operation. For the constrained-energy capacity criterion, C EC , we must make a minor adjustment in our presentation since code bits are not de ned in this case (only code symbols make sense here since no particular modulation format is assumed). Thus, we must plot T CEC versus R s instead of R c . For the same reason, the requirement E c (t)=N 0 0 dB is not meaningful, although a constraint on E s (t)=N 0 would be. Because C EC ' C QPSK in the E s =N 0 region of interest (low to medium E s =N 0 for this power-limited scenario), we shall require E s (t)=N 0 3 dB to match the QPSK case. Fig. 5 presents the resulting throughput curves. We observe that T CEC is maximized at about 2.1 Gbits/day for B = 20 degrees and R s = 2:2 Msym/sec as compared to 1.8 Gbits/day and R s = 2:6 Msym/sec for T CPSK with M = 4.
Thus, an additional 17% in throughput (0.3 Gbits/day) would be available for a signaling set more exotic (e.g., variable size) than QPSK or BPSK.
We repeated the above scenario for a 60 degree LEO satellite inclination angle and for the C PSK and R 0 criteria. We found again that M = 2 and 4, and B = 20 degrees. For C PSK , we found R c = 5:5 Mcbps and T CPSK = 2:0 Gbits/day and for R 0 , these numbers were R c = 4:5 Mcbps and T R0 = 1:7 Gbits/day. Thus, increased throughput is available at this inclination. Of course, as the orbital inclination decreases further, we can expect the achievable throughput to increase until it achieves a maximum at zero inclination (equatorial orbit A 0 (k)=2 (7) where = 0:54 for C PSK and = 0:48 for R 0 . To verify this formula, we list in Table II 
A. Preliminaries
The main result of the previous section is essentially that, for the given scenario, at an orbital inclination of 100 degrees (60 degrees), a code exists for which 1.8 Gbits/day (respectively, 2.0 Gbits/day) may be reliably transmitted when B = 20 degrees, M = 2 or 4, R c ' 5:2 Mcbps. In this section we estimate the throughput achievable by practical xed and variable rate coding schemes. The throughput here is the number of information bits transmitted while E c (t)=N 0 0 dB and with a probability of error less than some prescribed value.
If we were to apply a code to the C-optimal (B = 20 degrees, R c = 5:2 Mcbps) E c =N 0 pro le of the previous section to calculate its throughput, the computation time would be unmanageable because the number of code bits for the two contacts for this case is approximately (2.3 min 
where the maximum value, A 0 , of C(t)=N 0 occurs at time t = 0 by our choice of time origin, and is a measure of the duration of the communication link. Note the shape of equation (8) approximates well the shape of the individual contacts of Fig. 3 .
The C=N 0 pro le of (8) 
We nd it instructive to nd M and R c corresponding to equations (8)- (12). In obtaining the critical points M and R c in (11) and (12) The E c =N 0 pro le which results from dividing equation (8) ; equivalently, we let R c = A 0 =2. It is from this result that equation (7) We shall require a decoded outer RS code word probability of P cw 10 ?5 . For code 2, k was initially set to 223, and the rate of the inner code and then the outer code was varied until P cw 10 ?5 was attained. For both 4 Note that the rst code is the CCSDS standard concatenated code adopted by NASA and ESA 8], and the other two codes are variable rate versions of this code. (CCSDS: Consultative Committee for Space Data Systems) 5 For convolutional code rates larger than 1/2, we assume punctured coding 10]. Also, we considered higher rate codes, e.g., 5/6, 6/7, ..., but the Pcw requirement was never achievable at these rates. the xed and variable rate code schemes, the throughputs T a ; a 2 f1; 2; 3g, are the number of information bits corresponding to the RS codewords received in the interval ?t 0 ; t 0 ] which achieve P cw 10 ?5 .
Assuming byte interleaving has been employed to make the channel appear memoryless to the RS decoder, the codeword error rate P cw is given 8] by is the error correction bound for the outer RS code. The quantity P is the 8-bit symbol error probability at the output of the convolutional (Viterbi) decoder. Lapidoth 9] presents an analytical technique for computing this quantity, but the technique becomes complicated for medium and long constraint lengths. Thus, we have used our available simulations which have shown that P is in the range of 2p to 4p for the above set of rates, where p is the bit error rate of the Viterbi decoder. We shall use the bound P = 4p in our calculations. The bit error rate p is known 8] to be upper bounded and closely approximated as
where the convolutional code has rate k 0 =n 0 , minimum free distance d f , and information weight spectrum fb d g. Although E c is time-varying, we assume that it is relatively constant over the duration of a codeword as will be the case in practice where several thousand codewords are transmitted per second. For the cuto rate criterion, we observe an e ciency of E R0;1 = T 1 =T R0 = 0.60. Fig. 8 plots the P cw pro le for scheme 2 whose jagged nature is a result of the changing of code rates in discrete steps as is also illustrated in the gure. The throughput for scheme 2 can be computed as
where N cw is the number of codewords transmitted in the interval -15000, 15000] and r(n) is the composite (convolutional plus RS) rate of the n th codeword. From this we obtain T 2 = 158,180 bits. The e ciencies for this code are then E C;2 = T 2 =T C = 0.77 and E R0;2 = T 2 =T R0 = 0.90. Finally, Fig. 9 presents the P cw pro le for scheme 3.
The throughput for scheme 3 computed from (22) yields T 3 = 148,960 bits. The e ciencies for this code are then E C;3 = T 3 =T C = 0.72 and E R0;3 = T 3 =T R0 = 0.85. Thus, we observe little is lost in throughput by xing the rate of the RS code to 223=255. This is not surprising since the RS code rates in code schemes 2 and 3 are all very high. C. Discussion Based on the above C and R 0 analysis, our assumption to this point has been that R c = A 0 =2 is optimal (equivalently, (E c =N 0 ) max = 3 dB is optimal). To check whether this is true for practical codes, we repeated the above computations for R c = A 0 =3:162 ((E c =N 0 ) max = 5 dB) and R c = A 0 =1:259 ((E c =N 0 ) max = 1 dB). Note in the rst situation, R c is decreased relative to R c = A 0 =2 so that we would expect t 0 to increase. This is easily veri ed from (10) Given that N 5 dB and N 1 dB are both less than N 3 dB , it is evident that the xed rate codes will yield a decreased throughput for (E c =N 0 ) max = 1 and 5 dB. Further, we cannot expect an increased throughput for any of the three codes when (E c =N 0 ) max = 1 dB since N 1 dB < N 3 dB and E c =N 0 in this case is always smaller than that of the 3 dB case. These two points are veri ed in Table III which lists the throughputs and R 0 -e ciencies of all three codes for the (E c =N 0 ) max = 1, 3, and 5 dB situations. 6 When (E c =N 0 ) max = 5 dB, code schemes 2 and 3 o er the possibility of improved throughput since the P cw 10 ?5 criterion may now be met with higher codes rates. However, as seen in Table III , the throughput for each code is maximum when (E c =N 0 ) max = 3 dB as indicated by the theory (equivalently, the optimal code bit rate for practical codes, R c;pc , is equal to A 0 =2). When more than a single contact is involved, as was the case in Section IV, we conjecture that R c;pc = A 0 =2 generalizes to an average of the values A 0 (k)=2 analogous to equation (7).
We would like now to couple the results of the present section with those of Section IV to estimate the LEOto-GEO throughput achievable by the codes 1 to 3. Ostensibly, we cannot simply apply the e ciencies, E R0;a = T a =T R0 , computed above to the throughput values of Section IV because these e ciencies apply only to the single contact case for which (E c =N 0 ) max = 3 dB (equivalently, R c = A 0 =2). However, as seen in Table III Table   III , the average e ciency for code 2 is about 0.88 in this range. Thus, we can expect this code to achieve about 88% of the throughput predicted by the R 0 analysis of Section IV; that is, a throughput of about 1.3 Gbits/day. Similarly, we can expect the xed rate codes to achieve about 60% of T R0 = 1:5 Gbits/day, or 0.9 Gbits/day.
VI. Conclusion
We have given a technique based on capacity and cuto rate for designing a LEO to GEO satellite link with the goal of maximizing the daily throughput. The approach leads to an optimal LEO satellite antenna beamwidth, an optimal channel signaling rate, and an optimal signal set size for MPSK. The analysis of selected coding schemes indicates that about 90% of the throughput predicted by the R 0 analysis, or 77% of that predicted by the C analysis, is achievable in practice.
This design approach is generalizable in that it may be applied to any situation for which the communication link is of short duration and is time varying in a (mostly) deterministic way. For example, the above analysis may be repeated for the scenario where data is transmitted directly to the ground from the LEO satellite. Alternatively, it may be applied to a situation in which two or more LEO satellites in relative motion are communicating. Lastly, this design technique may be applied to meteor burst channels which t the above description. Some work in this latter area is reported in 11]. 
